Introduction
In the Beginning Ninety years ago in 1927, at an international congress in Como, Italy, Niels Bohr gave an address which is recognized as the first instance in which the term "complementarity", as a physical concept, was spoken publicly [1] , revealing Bohr's own thinking about Louis de Broglie's "duality". Bohr had very slowly accepted duality as a principle of physics: close observation of any quantum object will reveal either wave-like or particle-like behavior, one or the other of two fundamental and complementary features. Little disagreement exists today about complementarity's importance and broad applicability in quantum science. Book-length scholarly examinations even provide speculations about the relevance of complementarity in fields as different from physics as biology, psychology and social anthropology, connections which were apparently of interest to Bohr himself (see Jammer [2] , Murdoch [3] and Whitaker [4] ). Confusion evident in Como following his talk was not eliminated by Bohr's article [1] , and complementarity has been subjected to nine decades of repeated examination ever since with no agreed resolution. Semi-popular treatments [5] as well as expert examinations [6] [7] [8] [9] show that the topic cannot be avoided, and complementarity retains its central place in the interpretation of quantum mechanics. However, recent approaches by our group [10] [11] [12] [13] and others [14] [15] [16] [17] [18] [19] [20] to the underlying notion of coherence now allow us to present a universal formulation of complementarity that may signal the end to the confusion. We demonstrate a new relationship that constrains the behavior of an electromagnetic field (quantum or classical) in the fundamental context of two-slit experiments. We show that entanglement is the ingredient needed to complete Bohr's formulation of complementarity, debated for decades because of its incompleteness.
Frustrating and Frustrated
The audience for the talk in Como included a remarkable array of scientists now known for their significant contributions to the development of quantum theory [21] . Most of them were intrigued to hear what Bohr would have to say, but after the talk there was widespread confusion among them (see [2] ). What exactly had Bohr said? The long record of frustrating and conflicting opinions about the meaning of complementarity is common knowledge. One asks, exactly what can and should be said about the tension between equally compelling but nevertheless competing particle vs. wave interpretations of phenomena in the natural world? Examples of opposing concepts are readily available, as in the photoelectric effect (light waves behaving as particles) and in electron diffraction (particles behaving as waves). Evidently frustrated himself, Bohr addressed and re-addressed the matter. His writings reveal a number of rephrasings and some would even say reinterpretations of his own ideas. But near the end of his career Bohr reinforced earlier pronouncements (see [22] ), saying simply (for Bohr) that "... evidence obtained under different conditions cannot be comprehended within a single picture, but must be regarded as complementary in the sense that only the totality of the phenomena exhausts the possible information about the objects". One then understands, as Whitaker paraphrases Murdoch [4] , that two factors are critical and must be involved in any correct complementary description -mutual exclusivity and joint completion.
Universally Overlooked. An important element was for many years not recognized in the earliest discussions. Although the duality between particles and waves, and between rays and waves in optical contexts, was traditionally considered absolute (mutually exclusive), it does not in fact preclude a kind of sharing. An informationtheoretic approach by Wootters and Zurek [23] in 1979 brought this fact to the front. In subsequent debate, quantitative formulations began to be found for duality and applied to Bohr's complementarity principle, and almost uncountably many derivations and re-derivations have appeared since 1985 [24] . Almost all of the quantitative approaches have been conceived for experiments using one or another variation of two-channel setups that are historic great-grandchildren of Thomas Young's [25] seminal two-slit optical interference experiment (Fig. 1) . .
The visibility V of interference fringes (a marker of wave character), and which-path, or which-slit, distinguishability D (a marker of ray or particle character) are both exposed to quantitative observation in the Young scenario. The many related analyses have reported quantified trade-off between visibility V and which-path distinguishability D. In fact almost all agree on the validity of the same result, a duality-complementarity inequality: [25] shows interference fringes on the screen at c where the beams a and b from source S overlap. This is the prototype for all more elaborate scenarios.
Interested readers who are exasperated and exhausted by so many repeated attempts to understand complementarity more deeply may be asking, if previous treatments have all arrived at (1), the same duality formula, what can the present Letter be about? What the present Letter is about is a resolution and completion, as well as generalization, of the discussion, prompted by the slow but gradual recognition that notions perceived to be quantum mechanical in origin, such as entanglement, are in fact equally accessible within the realm of classical wave physics because it also has a vector space foundation. Our group has been at the forefront of these investigations. For some background, one may consult a recent overview of activity in this area [26] and four prominent papers [9, 10, 12, 27] .
Theoretical Examination

Derivation
We proceed in the standard double slit context. As sketched in Fig. 1 , a light source illuminates the slits a and b and we consider two transmitted beams that meet on the screen at a point c. This analysis will be classical, but the quantum mechanical single photon case obtains the same result.
The optical field that enters the double slit can be written in terms of its spatial, temporal and spin polarization degrees of freedom as: (2) with A and B being respective field strength amplitudes and containing propagation factors (see below). The spatial dependences of the fields emitted from the two slits carry information of the slits that plays a key role in the interference on the screen. Therefore, we have singled out the spatial components u a (r ⊥ , z) and u b (r ⊥ , z), which are unit-normalized orthogonal diffractive functions [28] , i.e., u * a u b dxdy = δ ab . The remaining degrees of freedom of the field, namely time and spin polarization, are represented by the two vector functions φ a and φ b , which are chosen to be unit-normalized with φ *
Here the dot product symbol · represents inner product of spin vectors and · · · stands for an ensemble average over the stochastic time functions. In general the φ functions are only partially coherent, i.e., φ * a · φ b = γ, where |γ| ≤ 1.
In the familiar distant-screen forward-propagation treatment [28] , the propagation factors from slits a and b to screen c will only pick up phase differences exp(ikr ac ) and exp(ikr bc ) (which are absorbed by amplitudes A and B). Then the intensity at the screen c is obtained with a standard sinusoidal interference term
where I ac = |A| 2 and I bc = |B| 2 . The visibility V of the measured fringes has its usual expression, based on the extreme ±1 values of the cosine function, which give
The which-path distinguishability D, i.e., the degree to which the light field at screen c is coming from only one of the two slits a or b, is given by the standard expression
This quantity is also called predictability by Jaeger, Horne and Shimony [29] . From these we recover the well-known duality inequality (1):
Calling Out Oversights. Two oversights are included in the inequality (1) itself which is valid as it stands, but its usual discussion overlooks the fact that it embodies neither completeness nor exclusivity. One notes incompleteness because the Young experiment allows for the vanishing of V and D together while a finite signal is nevertheless present. That is, a signal is characterized by something more, in addition to V and D, a clear indication of incompleteness. Something is missing.
Another oversight is to fail to see that a coherence theorem for polarization P exists for V and D as a strictly exclusive equality [13] :
This is true even if one understands P more generally than in the spin sense (see [13] ). However, V and D are still not mutually exclusive. By changing P one can reduce D without increasing V and vice versa -they do not need to trade tightly with each other. Again, something seems to be missing, and this is right. Entanglement is the missing element, confirming a suggestion made 20 years ago by Knight [30] . Quantification of coherence in our own recent optical research [11-13, 31, 32] has exposed connections between measures of coherence. Separately, coherence has been subjected to rigorous quantification in relation to entanglement [14, 15] . The unifying aspect is the vector space foundation common to quantum states and classical wave field theories. Independently we had already demonstrated the intimate connection of two coherences, entanglement and polarization [12] . They are constrained in Youngtype configurations by an additional identity:
where C is the entanglement measure called concurrence [33] . That is, P and C are Young-type perfect opposites. Gaining some of P 2 comes at the expense of losing an equal amount of C 2 .
Theoretical Conclusion.
The completeness, and simultaneously the exclusivity, that complementarity needs is now found by the simple step of eliminating polarization between those two identities:
and P 2 + C 2 = 1. This yields a tight identity:
We believe this identity fully expresses the essence of complementarity in its most common two-slit or two-path context. Importantly, in (9) , nothing is extra and nothing is missing. Still, as a relation among three observables in a Young-type experiment, it should be open to test. Complementarity is understood as a universal concept, applying to both classical ray-wave and quantum particle-wave dualities, and in the same way. We have independently shown that the identity-equality (9) has exactly the same form in a one-particle quantum context as the classical wave result here [34] . To emphasize both this universality and the significance of vector-space entanglement in both domains, we have chosen to address the challenge of confirming the identity-equality by using classical light, recording observations of all three: visibility, distinguishability and entanglement. Our setup and laboratory results are sketched below.
Experimental Confirmation
General Description This section presents the details of our experiment with classical optical beams to verify the completed complementarity identity (9) . We consider a specific context by preparing a uniform temporal component with a monochromatic laser. Then the temporal function can be factored out completely and the two φ components in (2) can be simply replaced with two corresponding spin statesŝ a ,ŝ b , i.e.,
where we have omitted the temporal function. The mutual coherence is now simplified as inner product of the two spin components, and is determined by their relative angle θ and phase ξ, i.e., γ =ŝ a ·ŝ b = cos θe iξ . As shown in Fig. 2 , the entire scheme contains a preparation stage realized by the modified Mach-Zehnder interferometer and a measurement stage with a tomography setup. The preparation stage is designed to generate optical beams of the form given in Eq. (10) .
Specifically, a single-mode laser operating at 795nm, with linearx polarization, passes through a half-wave plate (HWP1) and changes into an arbitrarily polarized stateŝ. A polarizing beam splitter (PBS) splits the beam into two byx andŷ polarizations. The transmitted channel (labeled as a) is proportional to u a (r ⊥ )ŝ a , whereŝ a ≡x and u a (r ⊥ ) is the normalized transverse spatial function in path a. It then passes through a 50/50 beamsplitter (BS1) that directs to a mirror mounted on a translation stage. The reflected channel (labeled b) of PBS passes through a half-wave plate (HWP2) to become proportional to u b (r ⊥ )ŝ b whereŝ b = e iξ cos θx + sin θŷ and u b (r ⊥ ) is the corresponding transverse spatial dependence. The two spatial functions are orthogonal to each other, i.e., u * a u b dxdy = δ ab simply because they have no overlaps. Then the light field is characterized exactly by (10) . Here parameter ratio |A/B| is controlled by HWP1 and γ = cos θe iξ is controlled by the combination of HWP2 in channel b (in terms of θ) and the translation stage in channel a (in terms of phase ξ). The details of light beam state preparation are described in the following subsection. The output 50/50 beamsplitter (BS2) combines channels a and b to produce interference. The light beam then enters the measurement stage so that V , D, and C can be registered. Fringe visibility V can be simply achieved by continuously registering the intensity at the output of BS2 while moving the translation stage. The systematic maximum visibility that is achievable for our MZI is 98.1%, obtained by producing equal intensities of the two channels and measuring interference intensities with a polarizer placed right after BS2. All measurements of visibilities in other arrangements are corrected by this systematic maximum. The which-way distinguishability D can be obtained straightforwardly with intensity measurements by blocking one of the two channels a or b. Measurement of entanglement, quantified by concurrence C, between the spatial degree of freedom {u a , u b } and polarization space {x,ŷ} is realized by a tomography setup as shown in Fig. 2 . It is a joint measurement of the Stokes-like parameters in both degrees of freedom [35] . The details of this spacepolarization tomography measurements are described in the third subsection.
Beam Preparation
The theoretical result (9) predicts the values of (V, D, C) to represent a spherical surface. In our experimental test, we tested 13 representative sets of V, D, C distributed over an octant of this surface. These target sets are determined respectively by the nodes of seven grid lines on a Complementarity Sphere, i.e., V = 0, Fig. 3 . The detailed values of all sets (V, D, C) are given in detail below. Now we describe how to generate these target (V, D, C) values with light beams given in Eq. (10). The visibility and distinguishability are given in (4) and (5) respectively, and we re-express them in terms of the controllable amplitude ratio R = |B/A| and cos θ as
The entanglement (concurrence) between the spatial degree of freedom {u a , u b } and polarization degree of freedom {x,ŷ} is given as:
and is re-expressed as
With the above expressions (11) and (13), the ratio R and θ of the experimental beam (10) can be determined for each given set of (V, D, C) values. The experimentally relevant controls of R and cos θ are realized by adjusting the two half-wave plates HWP1 and HWP2 respectively.
We have prepared four sets of (V, D, C) targeted at zero entanglement C = 0, given as (1, 0, 0) and (
2 , 0) and (0, 1, 0). These correspond to a uniform cos θ = 1 and the ratios R 2 = 1 and 1/3 and (2 − √ 3)/(2 + √ 3) and 0 respectively. Experimentally, cos θ = 1, i.e., θ = 0 can be realized with the halfwave plate (HWP2) rotating channel b's polarization tô x (same as in channel a), and the ratio R 2 is continuously adjustable with the manipulation of HWP1.
The second four sets of (V, D, C) are designed to have entanglement C = 1/2, i.e., ( 2 ) and (0,
2 ). Their corresponding values of | cos θ| are determined as 1/2 and 1/5 and 1/13 and 0 respectively, and the respective ratios R 2 are obtained as 1 and 3/5 and (4 − √ 3)/(4 + √ 3) and 1/3. Again, for these eight sets of (V, D, C) the ratio R and overlap parameter θ are controlled continuously with the rotations of HWP1 and HWP2 respectively.
The final set (V, D, C) = (0, 0, 1) corresponds to the extreme case when both V and D vanish. From the conventional interpretation of (6), light has neither wave nor particle properties. But as we have pointed out, it is still a finite signal with maximal entanglement (C = 1). In this case, cos θ = 0 and R = 1 which can be easily controlled by HWP1 and HWP2 respectively.
The actually measured values of V, D, C for their corresponding light beams are given in the main text, illustrated in Figure 2 by the red dots and presented below in detail in Table 1 . Tomography Measurement Here we describe the details of our spatial-spin two degrees of freedom tomography measurements. Each degree of freedom has two effective dimensions, i.e., u a , u b in the spatial domain and ,ŷ in the spin polarization domain. Ideally, the light beam should be characterized by the temporally coherent expression (10) . However, in reality the temporal amplitude of the two paths may not be perfectly coherent, or the contents of the modes are not perfectly pure. These cases result in a matrix description of the light beam in the basis {u ax , u aŷ , u bx , u bŷ }, given as
One can call this a coherence matrix for two degrees of freedom [36] . Then, following the standard two-qubit tomography procedure [35] , the output beams are measured jointly in the Stokes-like basis of both degrees of freedom to recover each matrix element in (14) . In principle, one needs to project the light onto the following 36 joint bases, i.e., {u a , With the above arrangements, one is able to realize measurements in all joint bases. Then the coherence matrices (14) for all 13 beams can be reconstructed in the standard basis u ax , u aŷ , u bx , u bŷ . The actually measured matrix elements are shown respectively in Fig. 4 .
Confirmation
The completed complementarity identity (9) calls to mind a sphere in a space with independent V -D-C axes. Our measurements of the V DC variables for different field states are identified on a sphere (one octant is enough) by thirteen points indicating individual measurements, as in Fig. 3 
The maximum standard deviation of the parameter measurements is 0.042. complementarity identity (9) connecting entanglementdistinguishability-visibility is well confirmed.
The thirteen points on the octant were obtained with a modified tomographic setup as shown in Fig. 2 . The Mach-Zehnder interferometer, operated as a double slit, produces interference of two light components with visibility achieved through motion of the translation stage. Which-way distinguishability is obtained by detecting each single component, and intrinsic entanglement is determined by the follow-up tomography. The entire setup is suitable to test the completed complementarity relation (9) for both single photon (quantum) and classical optical beam cases.
Overview and Comments
Overview The critical result is of course the derivation of the identity V 2 + D 2 + C 2 = 1 along with its experimental validation. As we pointed out, the wellknown inequality (6) doesn't embody completeness or exclusivity, the two essential elements of complementarity. Something must be missing, and our analysis is exposed more completely here. There are three useful extreme situations.
Case (a), consider V = 1. Then equation (4) requires |A| = |B|, meaning D = 0, and |γ| = 1 (indicating φ a = e iη φ b = φ). In this extreme case the field (2) becomes simply
where Θ = η + arg(A * B), showing E completely factorized between the spatial degree of freedom spanned by {u a , u b } and the remaining degrees of freedom represented by φ(t).
Case (b), consider D = 1. Then equation (5) requires |A| = 0 or |B| = 0 (either one meaning V = 0), and the field (2) becomes, e.g.,
which clearly displays complete separability between the spatial and the other degrees of freedom. Case (c), consider V = 0 and D = 0. Then equations (4) and (5) require that |A| = |B| and |γ| = | φ * a · φ b | = 0. The field then becomes
which is certainly non-separable. It is the classical vector space equivalent of a quantum Bell state with maximal entanglement. These three extreme cases indicate mutual exclusivity among three key properties: visibility, distinguishability and entanglement. We have supplied the missing measure for entanglement, namely concurrence C. After dividing by √ I ac + I bc to normalize the field in (2) to unity at the screen, E is evidently a vector-space pure state, a superposition of independent two-state products, so we can immediately apply the concurrence formula [33] . For the generic field (2) we find C = 2 (1 − |γ| 2 )I ac I bc I ac + I bc .
As indicated in the text, we are rewarded with a perfect three-way equality, the identity
This completed the derivation of the main result (9) for classical optical fields.
Comments The result is universal in the sense that it is a vector space identity. It automatically applies to other physical entities, both classical and quantum, having vector space structures similar to the optical field discussed. This can be regarded as the completion of Bohr's long and fruitless search for a compact statement that persuasively summarizes complementarity. He deserves all the credit for intuitively identifying exclusivity and completeness as the essential ingredients of any universal statement, and when included in the unique way we have described, these are the keys to direct understanding. His frustration, in his rephrasings and rewritings, was unfortunately inevitable. He didn't "just miss" the simple formula (9). It was not available to him. The understanding that the trading of wave and particle aspects with each other can be reduced to calculation, leading to (1) and then (7), was not appreciated before the much later work of Wootters and Zurek [23] . Furthermore, a fully developed examination [12, 13, 18] of polarization coherence (both ordinary and generalized) relative to entanglement (both quantum and classical), as in (8), has only much more recently been attempted, and was not known and certainly not known in a classical wave context, during Bohr's working life. Finally, although we believe that V 2 + D 2 + C 2 = 1 represents the closing of a 90-year discussion, we don't conclude that physics is finished with complementarity. Recent work shows that it can also be formulated for more than one entity. The first steps, that are already taken, open a window onto multi-entity coherences [16, 19, 20] that are not yet well explored or even conventionally named.
